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ABSTRACT

A new composition path, X;—X,6 =constant, is suggested for the semi-
empirical calculation of the thermodynamic properties of ternary ‘substitutional’
solutions from binary data, when the binary systems show deviations from the regular
solution model. A comparison is made between the results obtained for integral and
partial properties using this composition path and those calculated employing other
composition paths suggested in literature. It appears that the best estimate of the
ternary properties is obtained when binary data at compositions closest to the
ternary composition are used.

INTRODUCTION

Chemical thermodynamics is frequently used in the evaluation of high
temperature equilibria encountered in the production and refining of metals and
alloys. Methods for the estimation of the properties of ternary and multicomponent
solutions from information on corresponding binary systems have therefore received
considerable attention. A detailed review of available models for the prediction of the
thermodynamic properties in multicomponent systems is given by Ansara' and
Spencer et al.%. The regular and quasichemical solution models lead to symmetric
integral properties of mixing in binary alloys. A reveiw of experimental data on
alloys? indicates that only a limited number of systems exhibit this behaviour. Many
semi-empirical formulations have therefore been developed, which are based on the
equation derived by Meijering® for the excess free energy of mixing of a regular
ternary solution:

AGipe = Xp Xpap+ Xg Xcopc+ XcXaca ¢))

where 2,5 = AG5p/NaNg=ZN° [Epg—(Eapr+ Eps/2)], etc., X; is the ternary mole
fraction, N; is the binary mole fraction of component i, Z is the coordination number,

*On [eave from the Institute for Metals Rmrch Polish Acadcmy of Sciences, 25 Reymoma S,
30-059 Krakow, Poland. .



198-

" N°is the Avagadro s number and E,y is the energy of an A—B bond. From eqn (1)
the partial property ofcomponcnt A can be obtained as,
AGRa+B+C) = Apixa++0) = Cap Xa(Xp+ X +aac Xc(Xg+ X — X Xcac

?
Since « is not a constant independent of composition for most alloys, it has been
replaced by experimentally determined binary values of AG® along certain com-
position paths. In Fig. 1 several such composition paths from the ternary composition
to the bounding binary systems are shown.
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Fig 1. Composition paths relating the ternary alloy te constituent binary alloys: (a) composition
path of constant X,/ Xa. Xa/Xc and X,/Xc (Kohler); (b) composition path of constant X, and
XalXc (Toop); (c) composition path of constant X, Xy and X¢c (Colinet); (d) the shortest distance
composition path along which (X, — Xa), (Xa—X¢) and (X, — X)) are constant.

(1) THE KOHLER EQUATION
Kohler® suggested that the excess free energy of mixing in a ternary system
A+ B+ C may be expressed by the equation,
AGRpc =(1—X,)* [AGsc]x.lxc'l‘(l —~Xg)? [AGEc]xAlxc'l‘
+(1 - X [AGrs)x.uxs @

The binary compositions, at which the binary excess free energy terms are taken, are
shown in Fig. 1(a). This equation has also been rederived by Olson and Toop$, and
extended to multicomponent systems by Kchiaian’. The property of component Ais
given by

ApEnenre = [(1 =X Aukn s+ Xa(l— Xa) AGEdrxc+
+ [(1—X)ALX A +8;+ Xc(1 — X DAGRa]x yxn—
— (1 - X )*[AGcTxpxc €))
Bycmrmngauctc.mtctmsofapowerscnmeAlNB,. :
aap = Ao+ A, (N,JN,)«I—A;(NJN,)’-!- - |
and substituting in eqn (1), one obtains an alternate form of eqn (2 ) a,s,' R
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AGhpe = XA Xgl Ao+ A; (XAl Xg) + A3 (XafXp)® + ... ]+
+ Xp Xc[AL+ AN (Xl X+ AX( X/ XD + ..+
+ XaXcl4e'+ A1 (XA/X)+ AT (XA/ XD + ...] @
which may be more useful for computer calculations. —

(2) THE TOOP EQUATION

Based on the composition paths shown in Fig. 1(b), Toop® has expressed the
excess free energy of mixing by the relation,

Xe AGE; + Xc

AGhigc =
AR Li—x, 1—X,

AGECl +({(I—-X A)z [AGEc]x.,,xc (&)

Since the composition paths connecting the ternary point to the binary compositions
are not symmetric, the values calculated using this equation for non-regular ternary
alloys depend on the choice of component A. If for a ternary system the equation is
used with each metal as component A, different values for AG5g are obtained for the
same composition of the alloy. If the data for the binary systems A +B and A+C are
expressed as a power series in N, and the data for the binary B+ C as a power series
in Ng/N¢ then egn (5) can also be expressed as,

AGRpc = XA Xl fot+ fiXa+ 2 X2+ I+ XA Xcfo + i Xa+ f1 X5 + .. 3+
+XgXc[Ao+ A1 (Xp/X )+ A3 (Xp/X)* + ...] (6)

The partial excess free energy or the excess chemical potential of component A can
be expressed as

X X,
2 Aﬂiuua) + < Aﬂiu\ﬂ:)]x -
A

Aps =
HA(A+B+C) [l —X. 1—X,

— (1 —X ) [AGE T raixc )
(3) THE COLINET EQUATION

Colinet® has established a relationship to express thermodynamic properties of
mixing for 2 multicomponent system by the following equation,
i=m—-1 j=m )
ac=ly 'y X

2 i=1 j=.-+xl—Xi

[AG;Ix, @

The geometry used is shown in Fig. I(c); the composition paths correspond to
constant mole fractions of A, B, and C.
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THE SHORTEST DISTANCE COMPOSITION PATH -

It is reasonable to assume that the estimated ternary property would be in better
agreement with experimental values if the binary values incorporated into eqn (1)
correspond to binary compositions closest to the ternary point. The composition
path, X;—X,=constant, shown in Fig 1(d), represents the. shortest distance
connecting any ternary composition to the respective binary compositions. This
composition path corresponds to perpendiculars drawn from any ternary point to the
sides of the equilateral triangle. From the geometry of the triangle it can be shown
that along the path X, — X = constant, _

X
N3=XB+?A
Ne=Xc+2A ©

and so on. Rewriting eqn (1) in terms of binary values along the new composition
paths, one obtains,

AGEBC = XA XB

X X,
(xA + ?C) (x, sXe

XeXc

+
xo\ N xo\

XeXa

() %)

Similarly the excess chemical potential of the component A may be obtained by
substituting,

E Apaia sy
zc
(et Z) ], ..

[AGEB]XA—Xn=k +

[AGSC]I.—I(::E +

[AGRCdxn—xc=r (10)

E
+ XX+ X0 [_é“‘“_i“_g_] -

, 2
(e 2o
2 J Axa-Xc=r

E
— XaXe —e—— - an
Xg+ =2 xc+=2)] .
2/ 2 Xs—Xc=k" - .
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For computer applications the binary data may be expressed as a power series in
(Na— Np) ctc. and eqn (10) may be rewritten in the form,
AGRgc = Xo Xp[Bo+ B (Xpo—Xg) + By (X —Xg)* + .. 1+
+ X,;XC[B",+B:(XB-—XC)+B;(X3—XC)2 + ..+
+ XaXc[Bg +Bi(XaA—X)+B3(XaA—X)* +...] (12)
since along the proposed composition path N, —Ng= X, — Xp, etc.

COMPARISON OF THE SEMI-EMPIRICAL EQUATIONS

At the present time, it does not seem possible to make a theoretical evaluation
of the systematic differences obtained for a given excess function using the models
described above. An altemate approach is to compare by numerical calculation the
values obtained from the models for a given ternary system with experimental data.
The same values for the properties of the three limiting binary systems are used in the
different models. The first system chosen to test the models is Cd + Bi + Pb, for which
closely agreeing free energy measurements have been reported by two groups of

A

AGE cal

-
o o

o)

Fig. 2. Integral excess frec energy for liqud Cd-Bi-Pb solutions at 760 K. Experimental data: O
Elliott and Chipman'®; , Moser and Zabdyr'*. Calculated values: —— —, along path of
constant (X;— X)) suggested in this stndy; @, Kohler model; +, Toop model.
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iinvestigators'®-''. The binary systems Bi+Pb!? and Cd+Bi'! have negative excess
free energies of mixing, while the system Cd+Pb'? has positive excess free energy of
‘mixing. Of these three binary systems, only the Bi+ Pb system conforms to the regular
solution model. The excess free energies of mixing in the three systems have numerical
values less than 520 cal g-at™!. The values for the three binary systems and the
ternary system were measured in the same laboratory using similar methods. The
experimental values for the excess free energy of mixing for the ternary alloys are
compared in Fig. 2 with those calculated using the different models, along paths of
constant, Xg;/X,, =y. The comparison suggests that eqn (10), corresponding to the
shortest distance composition path, produces a small but sigrificant improvement in
the predicted values. For low affinity systems formed mainly from low melting
metals such as Cd + Bi+ Pb, all of the proposed models based on eqn (1) predict values
that are in good agreement with experimental data. For higher affinity alloys the agree-
ment between the estimated and experimental values is less satisfactory, especially for
the partial properties. In Fig. 3(a, b, c) the excess chemical potential of Al in the
Al+Ag+Sn system calculated using the different models is compared with values
obtained from direct e.m.f. measurements by Massart et al.!4 on concentration cells
of the type AI/AI**, KCI-LiC}/Al,,,,, - Since these investigators did not measure the
properties of the binary Ag-Sn system, the values suggested by Kubaschewski and
Alcock!5 are used in the calculations. Although none of the models discussed in this
communication are in exact accord with experiment, the shortest distance com-
position path provides the best estimate, especially for dilute alloys. It may be
pointed out that in both the ternary systems chosen for illustration, the component
metals have different valencies.

DISCUSSION

One of the advantages of the composition paths defined by, X;— X, = constant,
is that the partial properties may be derived algebraically from integral properties,
when the latter is expressed as a power series;

AGGnspy = NANg Y B.(N.—Np) (13)

=0.1..

a=Y.2 ..

AGEarny = Atiare, = N3 {Bo+ Y B.[(2n+nNA—N.,](N,.—Na)"}
(149

When N, = Ng=0.5, all terms on the right-hand side of eqn (13) except the first one’
vanish. Because of this property fewer terms are required to fit the experimenta: data
over the whole composition range than when power series in N, or N,/Np are
employed. _ , o ' _
For systems with strong interactions the quasichemical model would be more
appropriate. Since few binary systems are fully described by the quasichemical model -



206

wuhon]y oneparamder ‘the binary quasichemical terms in the ;cmarycxprcssxons
would have to be replaced by the real experimental binary values along certain
composition paths. Hagemark'® has formulated a quasichemical ternary expression
aleng the composition path used in Kobhler’s model (Fig- 1(a)). This expression
contains all the “regular solution™ terms of the Kohler equation and an additional
non-radom ternary mixing term. Similar quasichemical equations formulated along
the shortest distance composition path suggested in this paper will be discussed in a
separate communication. There are also certain advantages in reformulating the
ternary and quaternary Gibbs-Duhem equations along the composition path
proposed in this study. ,
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