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A new composition path, Xi-X,=constant, is suggested for the semi- 
empirical calculation of the thermodynamic properties of ternary ‘substitutional’ 

solutions from binary data, when the binary systems show deviations from the regular 
sohrtion model. A comparison is made between the results obtained for i&e_@ and 
partial properties using this composition path and those caIcuIated employing other 

composition paths su_aested in 
ternary properties is obtained 
ternary composition are used. 

literature. it appears that the best estimate of the 
when binary data at compositions closest to the 

INTRODUCTION 

Chemical thermodynamics is frequently used in the evaluation of high 
temperature equilibria encountered in the production and refining of metals and 

ahoy==_ Methods for the estimation of the properties of ternary and multicomponent 
sohuions from information on corresponding binary systems have therefore received 
considerable attention_ A detailed review of available models for the prediction of the 
thermodynamic properties in multicomponent systems is given by Ansara’ and 
Spencer et aL2_ The regular and quasichemical solution models lead to symmetric 

integral properties of mixing in binary alloys. A reveiw of experimental data on 
alloys3 indicates that only a limited number of systems exhibit this behaviour- Many 
semi-empirical formulations have therefore been developed, which are-based on the 
equation derived by Meijering4 for the excess free energy of mixing of a regular 
ternary solution: 

AG=, = XAXB~AB+XBXc~sc+XcXA~A (0 

where r, = AG%NANB = ZN” [l&- (E,+ l&/Z)], etc., Xi is the ternary mole 
fraction, Ni is the binary mole fraction of component i, 2 is the coordination number, 

*On leave from the Institute for Metals Research, Polish Academy of Scicnas, 25 Rcymonta St, 
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N” is the Avagad&s number and EAB is the energy of an A-B bond, From cqn (1) 
the pHial property of component A can bc obtained as, 

eowB+cl = &&+B+c) = a~X~(XB+X&-a~Xc(Xs+X~~XBXcaBc 

(2) 
Sina a is not a constant independent of composition for most alloys, it has been 
replaced by CxpciimcntaIIy 4 etcrmined binary values of AGE aIong certain com- 
position paths, In Fig. I severa! such composition paths from the ternary composition 
to the bounding binary systems are shown, 

. b c 1 

(I) THE KOHJ_.ER EQuATlOS 

KohlcP suggest& that the Wrcess fkee energy of mixing in a ternary system 
A+B+C may beexprcs4 by the equation, 

AGL = (1 -X#[AG~x_,xc+(l -X>[AG: JxlJxc+ 

-W -Xd2CAG%Jxdxm (2) 

The bimuy compositions, at which the binary exazss free energy terms are takea, arc 
shown in Fig- I(a)- This equation has also been rakrivcd by Olson and Toop6, and 
extended to muItioomponcnt systems by Kchiaian’. The property of component A is 
&=by 



199 

+ X,X,CA~‘+A~‘(X~X~+A~‘(X~X~= + ___] 

which may be more useful for computer caIa&irions. 

(2) THE TOOP EQUATION 

Based on the composition paths sbwn in Fig_ i(b), Toop* has expressed the 
excess free energy of mixing by the relation, 

Since the composition paths connecting the ternary point to the binary compositions 
are not symmetric, the values c&z&ted using this equation for non-regular ternary 
alloys depend on the choice of component A- If for a ternary system the equation is 
used with each metat as component A, different values for AGL are obtained for the 
same composition of the aUoy. If the data for the binary systems A+B and A-I-C are 
expressed as a power series in N,, and the data for the binary B+C as a power series 
in NdNc then eqn (5) can also be expressed as, 

AGE m = x,x,U~+f~X*tf*X~ + ---3+X.,XcU~+f, x,+ft’xi -k ----J+ 

+X,X&-A;+A:(X,jXd+A:(XJX&= -I- -.-] (6) 

The partial excess free energy or the excess chemical potential of component -2 can 
be expressed as 

(3) THE COLINEI- EQUATION 

Colinetg has established a rektionship to express thermodynamic properties of 
mixing for a multicomponent system by the following equation, 

The geometry used is shown in Fig. l(c); the composition paths correspond to 
constant mole fi-actions of A, B, and C. 



200 
_. 

THE §HOkEST DISTANCE COMPO6lTlOH PATH : : 

It is rcasonabte to assume-that the estimated temarfpropeky would be in better 
agnzement with experimental values if the binary vaIuw incorporated into eqn (I) 
correspond to binary compositions dosest to the ternary point. The _mmpositiqn 

Path* xl-x, =constant, shCwn in Fig I(d), represknts the shortest d&&e 
connecting an y ternary composition to the reqxctive binary compositions_ This 
composition path corresponds to perpendiculars drawn from any ternary point to the 
sides of the equilateral triangle_ From the geometry oft the triangit it can be shown 
that along the path X,-Xc = constant, 

and so OIL Rewriting 
paths, one obtains, 

(9) 

eqn (1) in terms of binary vaIues along the new composition 

Similarly the ex~ chemical potential of the component A may be obtained by 
substituting, 

4GWl+O = xB(xB+xd 
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For computer applications the binary data may be expressed as a Power series in 
(IV,,-&) etc. and cqn (10) may be rewritten in the form, 

AG!& = X,X,[B,,+-B,(X,-X&+B,(X,-XX,)= -f- _--]+ 

+ X,X&B;+ B; (X, -Xa+B;(X,-X$ + w-J+ 

-6 X,,X,[B; +s;(X,-Xc)+B;(X,-X3’ + -._] (12) 

since along the proposed composition path NA - N, = X,-X,, etc. 

UXMPARISON OF THE SEMI-EblPIRICAL EQUATIOhS 

At the present time, it does not seem possible to make a theoretical evaluation 
of the systematic differences obtained for a given excess function using the models 
described above- An aI&ernate approach is to compare by numerical calculation the 
values obtained from the models for a given ternary system with experimental data 
The same values for the properties of the three limiting binary systems are used in the 
different models- The first system chosen to test the models is Cd ;Bi +Pb, for which 
closely a_erreing free energy measurements have been reported by two groups of 

fal 
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investigatorslo.x I. me. binary systems Bi -i-Pb ’ 2 and Cd + Bi ’ r have negative excess 
free energies of mixing while the system Ccl+Pb13 has positive excess free ener_gy of 
-mixing. Of these three binary systems, only the Bi + Pb system conforms to the regular 
solution model. The excess free energies of mixing in the three systems have numerical 
values less than 520 Cal g-at- ‘. The values for the three binary systems and the 
ternary system were measured in the same laboratory using similar methods. The 
experimental values for the excess free energy of mixing for the ternary alloys are 
compared in Fig. 2 with those calculated using the different models, along paths of 
constant, X,JX, = y. The comparison suggests that eqn (IO); corresponding to the 
shortest distance composition path, produces a small but significant improvement in 
the predicted values. For low afiinity systems formed mainly from low melting 
metals such as Cd + Bi +Pb, all of the proposed models based on eqn (I) predict values 
that are in good a_mment with experimental data. For higher affinity alloys the agree- 
ment between the estimated and experimental values is less satisfactory, especially for 
the partial properties. In Fig. 3(a, b. c) the excess chemical potential of Al in the 
AI+Ag+Sn system calculated using the different models is compared with values 
obtained from direct e.m.f. measurements by Massart et al-id on concentration cells 
of the type Al;A13 +, KCl-LiCl/AI,,,. Since these investigators did not measure the 
properties of the binary Ag-Sn system, the values suggested by Kubaschewski and 
Alcock” are used in the calcuIations_ Ahhough none of the models discussed in this 
communication are in exact accord with experiment. the shortest distance com- 
position path provides the best estimate, especially for dilute alloys. It may be 
pointed out that in both the ternary systems chosen for illustration, the component 
metals have different valencies. 

DISCUSSlOX 

One of the advantages of the composition paths defined by, Xi-X, = constant, 
is that the partial properties may be derived algebraically from inteal properties, 
when the latter is expressed as a power series; 

(13) 

A%+m = A&-cB, = N: Bo + c 
1 

B,[(~~~I)N,--N,](N,--~)-- 
R= l.Z..__ > 

iw 

When N,, = Na = 0.5, all terms on the right-hand side of eqn (13) except the first one‘ 
vanish. Because of this property fewer terms are required to fit the experinientai data 
over the whole composition range than when power series in A!* or NJNr, are 
employed. 

For systems with strong interactions the quasichemical model would be m&e 
appropriate. Since few binary systems are fully described by the quasichemicai model 
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with only one gtzmwerp the binary quasichcmical terms in the ‘amary +rcsions 
would have to be replad by the real cxpcrirncatal binary valacs along certain 
ampodion paths H2gcmark*6 has formdated a qaaiichcmical ternary expression 
along the composition path ascd in Kohl&s model (Fig l(a))_ This cxp&ion 

cmtains all the ‘rcgalar solution” tams of the Kohler qaation and an additional 
non-radom tanary mixing tcrn~ Similar q&chemical equations formulated along 

the shortest c?ktame composition path suggestal in this papa wii be d&cased in a 
scpamc coxMmnication. 

ternary and quatrrnary 
proposed in this !mdy_ 
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